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• A ⊂ R is a null set iff m∗(A) = 0
• If A ⊆ B then m∗(A) ≤ m∗(B)
• The outer measure of an interval equals its length
• Outer measure is countably subadditive, that is for any sequence of
sets {En}
m∗(
∞⋃
n=1
En) ≤
∞∑
n=1
m∗(En)
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• A ⊂ R is a null set iff m∗(A) = 0
• If A ⊆ B then m∗(A) ≤ m∗(B)
• The outer measure of an interval equals its length
• Outer measure is countably subadditive, that is for any sequence of
sets {En}
m∗(
∞⋃
n=1
En) ≤
∞∑
n=1
m∗(En)
• Outer measure is translation invariant, i.e. for any t ∈ R
m∗(A) = m∗(A+ t)
where for A ⊆ R we put A+ t := {a+ t : a ∈ A}
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With outer measure, subadditivity is as far as we can get. We wish
however, to ensure that if sets (En) are pairwise disjoint, i.e. Ei∩Ej =
∅ if i 6= j them the subadditive inequality becames an equality. This
property is in general not true for outer measure, although examples
where it fails are hard to construct. Our need is reasonable: any
lenght function should be at least finitely additive, since decomposing
a set into finitely many disjoint pieces should not alter its lenght.
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With outer measure, subadditivity is as far as we can get. We wish
however, to ensure that if sets (En) are pairwise disjoint, i.e. Ei∩Ej =
∅ if i 6= j them the subadditive inequality becames an equality. This
property is in general not true for outer measure, although examples
where it fails are hard to construct. Our need is reasonable: any lenght
function should be at least finitely additive, since decomposing a set
into finitely many disjoint pieces should not alter its lenght. So we
have to find the class of sets in R which have the countably additive
property
m∗(
∞⋃
n=1
En) =
∞∑
n=1
m∗(En) when Ei ∩ Ej = ∅ for i 6= j
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Lebesgue-mesurable sets
A set E ⊆ R is Lebesgue-mesurable if for every set A ⊆ R we have
m∗(A) = m∗(A ∩ E) +m∗(A ∩ Ec)
where Ec = R \ E. We will write E ∈ M to indicate that a set A is
Lebesgue measurable.
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Lebesgue-mesurable sets
A set E ⊆ R is Lebesgue-mesurable if for every set A ⊆ R we have
m∗(A) = m∗(A ∩ E) +m∗(A ∩ Ec)
where Ec = R \ E. We will write E ∈ M to indicate that a set A is
Lebesgue measurable.
• Any null set is mesurable
• Any interval is mesurable
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Theorem (Carathe´odory)
1 R ∈M
2 E ∈M =⇒ Ec ∈M
3 En ∈M for all n = 1, 2, . . . =⇒
∞⋃
n=1
En ∈M
Moreover if Ei ∩ Ej = ∅ for i 6= j then
m∗(
∞⋃
n=1
En) =
∞∑
n=1
m∗(En)
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Conditions 1 - 3 mean that M is a σ−field (also σ−algebra) be-
cause we say that a family of sets is a σ−field if it contains the uni-
versal set and is closed under complement and countable unions.
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Conditions 1 - 3 mean that M is a σ−field (also σ−algebra) be-
cause we say that a family of sets is a σ−field if it contains the uni-
versal set and is closed under complement and countable unions.
A [0,∞]−valued function defined on a σ−field is called a measure if
it is countably additive
An alternative approach to measure theory is to begin with the above
properties as axioms, defining a triple (Ω,F ,µ) a measure space if Ω
is a given set, F is a σ−field of subsets of Ω and µ : F → [0,∞] is a
countably additive funcion as m∗.
6/35 Pi?
22333ML232
Conditions 1 - 3 mean that M is a σ−field (also σ−algebra) be-
cause we say that a family of sets is a σ−field if it contains the uni-
versal set and is closed under complement and countable unions.
A [0,∞]−valued function defined on a σ−field is called a measure if
it is countably additive
An alternative approach to measure theory is to begin with the above
properties as axioms, defining a triple (Ω,F ,µ) a measure space if Ω
is a given set, F is a σ−field of subsets of Ω and µ : F → [0,∞] is a
countably additive funcion as m∗.
In this framework, Carathe´odory Theorem means thatM is a σ− and
m∗ a measure.
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Definition
We shall write m(E) instead of m∗(E) for any E ∈M and call m(E)
the Lebesgue measure of the set E
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tion defined on the σ−field M of measurable sets.
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We shall write m(E) instead of m∗(E) for any E ∈M and call m(E)
the Lebesgue measure of the set E
Lebesgue measure m : M → [0,∞] is a countably additive set func-
tion defined on the σ−field M of measurable sets.
Lebesgue measure of an interval is equal to its lenght. Lebesgue mea-
sure of a null set is zero.
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Definition
We shall write m(E) instead of m∗(E) for any E ∈M and call m(E)
the Lebesgue measure of the set E
Lebesgue measure m : M → [0,∞] is a countably additive set func-
tion defined on the σ−field M of measurable sets.
Lebesgue measure of an interval is equal to its lenght. Lebesgue mea-
sure of a null set is zero.
Since Lebesgue measure is the outer measure restricted to a special
class of sets, some properties of the outer measure are inherited by
Lebesgue measure. The most important is the invariance by transla-
tion
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Axiomatic measure theory
Definition of σ-algebra of sets:
Given X 6= ∅, a collection A of subsets of X is called σ-algebra if
i) ∅ ∈ A
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Axiomatic measure theory
Definition of σ-algebra of sets:
Given X 6= ∅, a collection A of subsets of X is called σ-algebra if
i) ∅ ∈ A
ii) A ∈ A =⇒ Ac ∈ A
iii) (An)n ⊂ A =⇒
∞⋃
n=1
An ∈ A
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Theorem. If X is a collection of subsets of X we denote with H the
collection of σ-algebras in X including X then
σ (X ) =
⋂
B∈H
B
is a σ-algebra, called σ-algebra generated by X
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If X is the collection of open sets in R then σ-algebra σ (X ) is called
Borel σ-algebra. It is denoted by B (R)
Every member of B (R) is called Borel set.
If I is the collection of intervals [a, b) where a < b then
σ (I) = B (R)
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The same holds if
I = {(a, b) | a, b ∈ R, a < b}
I = {(a,+∞) | a ∈ R}
I = {(−∞, a) | a ∈ R}
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The same holds if
I = {(a, b) | a, b ∈ R, a < b}
I = {(a,+∞) | a ∈ R}
I = {(−∞, a) | a ∈ R}
We have the following chain of inclusions
B(R) (M(R) ( P(R)
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Measure. Let A a σ-algebra in X. The set function µ : A → [0,+∞]
is said to be a measure on A if µ(∅) = 0 and if for any disjoint
sequence (An)n ⊂ A
µ
( ∞⋃
n=1
An
)
=
∞∑
n=1
µ(An)
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• (X,A, µ) is called measure space
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Measure. Let A a σ-algebra in X. The set function µ : A → [0,+∞]
is said to be a measure on A if µ(∅) = 0 and if for any disjoint
sequence (An)n ⊂ A
µ
( ∞⋃
n=1
An
)
=
∞∑
n=1
µ(An)
• (X,A, µ) is called measure space
• If µ(X) = 1, µ is said probability measure
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Definition. Measure µ is said
• finite if µ(X) < +∞
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• finite if µ(X) < +∞
• σ-finite if there exists a sequence (An)n ⊂ A such that
∞⋃
n=1
An = X
and µ(An) < +∞ for any n ∈ N
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Definition. Measure µ is said
• finite if µ(X) < +∞
• σ-finite if there exists a sequence (An)n ⊂ A such that
∞⋃
n=1
An = X
and µ(An) < +∞ for any n ∈ N
• complete if A ∈ A, B ⊂ A, µ(A) = 0 =⇒ B ∈ A and then
µ(B) = 0
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Definition. Measure µ is said
• finite if µ(X) < +∞
• σ-finite if there exists a sequence (An)n ⊂ A such that
∞⋃
n=1
An = X
and µ(An) < +∞ for any n ∈ N
• complete if A ∈ A, B ⊂ A, µ(A) = 0 =⇒ B ∈ A and then
µ(B) = 0
• concentrated on A ∈ A if µ(Ac) = 0. In such situation we say
that A is a support of µ
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Monotonicity of µ
If A, B ∈ A and A ⊂ B then µ(A) ≤ µ(B)
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Monotonicity of µ
If A, B ∈ A and A ⊂ B then µ(A) ≤ µ(B)
Proof. B = (B \ A) ∪ A implies that
µ(B) = µ(B \ A) + µ(A)
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Monotonicity of µ
If A, B ∈ A and A ⊂ B then µ(A) ≤ µ(B)
Proof. B = (B \ A) ∪ A implies that
µ(B) = µ(B \ A) + µ(A)
Since µ(B \ A) ≥ 0 it follows that µ(B) ≥ µ(A)
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Subtractivity of µ
If A, B ∈ A, A ⊂ B, µ(A) <∞ then µ(B \ A) = µ(B)− µ(A)
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Subtractivity of µ
If A, B ∈ A, A ⊂ B, µ(A) <∞ then µ(B \ A) = µ(B)− µ(A)
Proof. We already proved that
µ(B) = µ(B \ A) + µ(A).
If µ(A) <∞ then thesis is immediate.
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Theorem
If A, B ∈ A and if µ(A ∩B) <∞ then
µ(A ∪B) = µ(A) + µ(B)− µ(A ∩B)
Proof. Notice that A ∩B ⊂ A, A ∩B ⊂ B and that
A ∪B = (A \ (A ∩B)) ∪B
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Theorem
If A, B ∈ A and if µ(A ∩B) <∞ then
µ(A ∪B) = µ(A) + µ(B)− µ(A ∩B)
Proof. Notice that A ∩B ⊂ A, A ∩B ⊂ B and that
A ∪B = (A \ (A ∩B)) ∪B
Since µ(A ∩B) <∞ we have
µ(A ∪B) = µ(A)− µ(A ∩B) + µ(B)
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Subadditivity of µ
If (Ai)i≥1 ⊂ A then
µ(
∞⋃
i=1
Ai) ≤
∞∑
i=1
µ(Ai)
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Subadditivity of µ
If (Ai)i≥1 ⊂ A then
µ(
∞⋃
i=1
Ai) ≤
∞∑
i=1
µ(Ai)
Increasing sequences of sets
If (Ai)i≥1 ⊂ A is an increasing sequence of sets, i.e. Ai ⊂ Ai+1 then
µ(
∞⋃
i=1
Ai) = lim
n→∞µ(An)
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Decreasing sequences of sets
If (Ai)i≥1 ⊂ A is a decreasing sequences of sets, i.e. Ai+1 ⊂ Ai and if
µ(A1) <∞ then
µ(
∞⋂
i=1
Ai) = lim
n→∞µ(An)
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Example Let x ∈ X. For any A ∈ P(X) define
δx(A) =
1 if x ∈ A0 if x /∈ A
δx is a measure on P(X) called Dirac x-measure.
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Example Let x ∈ X. For any A ∈ P(X) define
δx(A) =
1 if x ∈ A0 if x /∈ A
δx is a measure on P(X) called Dirac x-measure.
It is a measure concentrated on {x}
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Example For any A ∈ P(X) define
µ#(A) =
#A if A is finite+∞ if A is infinite
µ# is a measure on P(X) called counting measure
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Exercise If m denotes Lebesgue measure on R show that for any
a ∈ R
m({a}) = 0
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Exercise If m denotes Lebesgue measure on R show that for any
a ∈ R
m({a}) = 0
{a} =
∞⋂
n=1
[
a, a+
1
n
)
= lim
n→∞
(
a+
1
n
− a
)
= 0
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Lebesgue Integral
Integral of simple functions
Let (X,A, µ) a measure space and let A ∈ A.
ϕ : A→ [−∞,+∞] is said to be a simple function if
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Lebesgue Integral
Integral of simple functions
Let (X,A, µ) a measure space and let A ∈ A.
ϕ : A→ [−∞,+∞] is said to be a simple function if
(a) ϕ(A) is a finite set: ϕ(A) = {ϕ1, ϕ2, . . . , ϕm}
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Lebesgue Integral
Integral of simple functions
Let (X,A, µ) a measure space and let A ∈ A.
ϕ : A→ [−∞,+∞] is said to be a simple function if
(a) ϕ(A) is a finite set: ϕ(A) = {ϕ1, ϕ2, . . . , ϕm}
(b) There exist A1, . . . , Am ∈ A such that if i 6= j, Ai ∩ Aj = ∅ and
A =
m⋃
i=1
Ai
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Lebesgue Integral
Integral of simple functions
Let (X,A, µ) a measure space and let A ∈ A.
ϕ : A→ [−∞,+∞] is said to be a simple function if
(a) ϕ(A) is a finite set: ϕ(A) = {ϕ1, ϕ2, . . . , ϕm}
(b) There exist A1, . . . , Am ∈ A such that if i 6= j, Ai ∩ Aj = ∅ and
A =
m⋃
i=1
Ai
(c) for any x ∈ Ai holds ϕ(x) = ϕi, i = 1, . . . , m
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Indicator function
If A ⊂ X the indicator (characteristic) function of A is
1A(x) =
1 if x ∈ A0 if x /∈ A
A simple function is a linear combination of indicator functions
ϕ(x) =
m∑
i=1
ϕi1Ai(x)
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Integral of a simple function
Let (X,A, µ) a measure space, A ∈ A and ϕ a simple nonnegative
function on A
The integral over A of ϕ with respect to µ is∫
A
ϕdµ :=
m∑
i=1
ϕiµ(Ai)
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Remark. Recall that we follow the infinity convention for extended
real numbers:
0 · ±∞ = 0
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Integral Linearity and positivity
Let (X,A, µ) a measure space, A ∈ A and ϕ1, ϕ2 simple functions on
A
(a) if α1, α2 ∈ R then∫
A
(α1ϕ1 + α2ϕ2) dµ = α1
∫
A
ϕ1dµ+ α2
∫
A
ϕ2dµ
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Integral Linearity and positivity
Let (X,A, µ) a measure space, A ∈ A and ϕ1, ϕ2 simple functions on
A
(a) if α1, α2 ∈ R then∫
A
(α1ϕ1 + α2ϕ2) dµ = α1
∫
A
ϕ1dµ+ α2
∫
A
ϕ2dµ
(b) if ϕ1 ≥ 0 then ∫
A
ϕ1dµ ≥ 0
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Proposition
Let (X,A, µ) a measure space, A ∈ A. Then
µ(A) =
∫
X
1Adµ
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Proposition
Let (X,A, µ) a measure space, A ∈ A. Then
µ(A) =
∫
X
1Adµ
Proof. Observe that indicator function is itself a simple function.
Since 1A(x) = 0 if x ∈ Ac and 1A(x) = 1 if x ∈ A we have
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Proposition
Let (X,A, µ) a measure space, A ∈ A. Then
µ(A) =
∫
X
1Adµ
Proof. Observe that indicator function is itself a simple function.
Since 1A(x) = 0 if x ∈ Ac and 1A(x) = 1 if x ∈ A we have∫
X
1Adµ = 0× µ(Ac) + 1× µ(A) = µ(A)
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Proposition (Additivity)
Let (X,A, µ) a measure space, A ∈ A such that there exist B, C ∈
A, B ∩ C = ∅ such that A = B ∪ C. Then, if ϕ : A → R is a simple
function: ∫
A
ϕ dµ =
∫
B
ϕ dµ+
∫
C
ϕ dµ
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Proposizione
Let (X,A, µ) a measure space, A ∈ A, ϕ a simple nonnegative func-
tion. The following are equivalent:
i)
∫
A
ϕ dµ = 0
ii)µ ({x ∈ A | ϕ(x) > 0}) = 0
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Measurable functions
Let (X,A, µ) a measure space, A ∈ A, f : A→ [−∞,+∞]
f is said to be measurable, if for any α ∈ R
{x ∈ A | f(x) ≤ α} ∈ A
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Proposition Let (X,A, µ) a measure space, A ∈ A, f : A→ R. The
following are equivaent
i) {x ∈ A | f(x) ≤ α} ∈ A
ii) {x ∈ A | f(x) < α} ∈ A
iii) {x ∈ A | f(x) ≥ α} ∈ A
iv) {x ∈ A | f(x) > α} ∈ A
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Theorem’s proof follows from the following equalities
{x ∈ A | f(x) ≤ α} =
∞⋂
n=1
{x ∈ A | f(x) < α + 1
n
}
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Theorem’s proof follows from the following equalities
{x ∈ A | f(x) ≤ α} =
∞⋂
n=1
{x ∈ A | f(x) < α + 1
n
}
{x ∈ A | f(x) > α} = A \ {x ∈ A | f(x) ≤ α}
{x ∈ A | f(x) ≥ α} =
∞⋂
n=1
{x ∈ A | f(x) > α− 1
n
}
{x ∈ A | f(x) < α} = A \ {x ∈ A | f(x) ≥ α}
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Proposition. Let (X,A, µ) a measure space,, A ∈ A, f, g : A → R
measurable functions. Then are also measurable:
i)α f, con α ∈ R
ii) f + g
iii) f g
iv)
f
g
v) max {f, g}
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If f : A→ R is measurable then are also measurable:
i) f+ := max {f, 0}
ii) f− := max {−f, 0}
iii) |f | = f+ + f−
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If f : A→ R is measurable then are also measurable:
i) f+ := max {f, 0}
ii) f− := max {−f, 0}
iii) |f | = f+ + f−
f+ is called positive part of f, f− is said negative part of f
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If f : A→ R is measurable then are also measurable:
i) f+ := max {f, 0}
ii) f− := max {−f, 0}
iii) |f | = f+ + f−
f+ is called positive part of f, f− is said negative part of f
Proposition. Continuous function and monotone functions are mea-
surable
